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GORENSTEIN FANO POLYTOPES ARISING FROM ORDER 
POLYTOPES AND CHAIN POLYTOPES 


TAKAYUKI HIBI, KAZUNORI MATSUDA, AND AKIYOSHI TSUCHIYA 

Abstract. Richard Stanley introduced the order polytope 0{P) and the chain 
polytope C{P) arising from a finite partially ordered set P, and showed that the 
Ehrhart polynomial of 0{P) is equal to that of C{P). In addition, the unimod- 
ular equivalence problem of 0[P) and C{P) was studied by the first author and 
Nan Li. In the present paper, three integral convex polytopes T{0{P), —0{Q)), 
T{0{P),—C{Q)) and r(C(P), —C((5)), where P and Q are partially ordered sets 
with |P| = IQI, will be studied. First, it will be shown that the Ehrhart poly¬ 
nomial of r{0{P), —C{Q)) coincides with that of r(C(P), —C{Q)). Furthermore, 
when P and Q possess a common linear extension, it will be proved that these 
three convex polytopes have the same Ehrhart polynomial. Second, the problem 
of characterizing partially ordered sets P and Q for which r{0{P),—0{Q)) or 
r(0(P), — C(Q)) or T{C{P),—C{Q)) is a smooth Fano polytope will be solved. 
Finally, when these three polytopes are smooth Fano polytopes, the unimodular 
equivalence problem of these three polytopes will be discussed. 


INTRODUCTION 

A convex polytope P C is called integral if all of vertices of V belong to Let 
P C be an integral convex polytope of dimension d. Given integers n = 1,2,..., 
we define the function i(V,n) as follows: 

i(p,n) := |(nPnZ'^)| , 

where nV = {na \ a G P}. We call i{V,n) the Ehrhart polynomial of P. It is 
known that i{V,n) is a polynomial in n of degree d with i{V,0) = 1 (see [3]). 

Next, we introduce some classes of Fano polytopes. Let P C be an integral 
convex polytope of dimension d. 

• We say that P is a Fano polytope if the origin of is the unique integer 
point belonging to the interior of P. 

• A Fano polytope is called Gorenstein if its dual polytope is integral. (Recall 
that the dual polytope P^ of a Fano polytope P is the convex polytope which 
consists of those x E such that {x, y) < 1 for all y E V, where {x, y) is 
the usual inner product of Mt^.) 
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• A Q-factorial Fano polytope is a simplicial Fano polytope, i.e., a Fano poly¬ 
tope each of whose faces is a simplex. 

• A smooth Fano polytope is a Fano polytope such that the vertices of each 
facet form a Z-basis of Z'^. 

Thus in particular a smooth Fano polytope is Q-factorial and Gorenstein. 

We recall some terminologies of partially ordered sets. Let P = {pi,... ,pd} be 
a partially ordered set. A linear extension of P is a permutation a = iii 2 ■ ■ - id of 
[d\ = {1, 2,..., d} which satishes ia < % if Pia < Pit, P- ^ subset J of P is called 
a poset ideal of P if p* G / and pj G P together with pj < pi guarantee pj G /. Note 
that the empty set 0 and P itself are poset ideals of P. Let J (P) denote the set of 
poset ideals of P. A subset A of P is called an antichain of P if p* and pj belonging 
to A with i ^ j are incomparable. In particular, the empty set 0 and each 1-elemant 
subsets {pj} are antichains of P. Let A{P) denote the set of antichains of P. For 
each subset I C P, we dehne the (0, l)-vectors p{I) = where ei,..., are 

the canonical unit coordinate vectors of In particular p(0) is the origin 0 of 
In [15], Stanley introduced the order polytope 0{P) and the chain polytope C(P) 
arising from a partially ordered set P. It is known that both 0{P) and C(P) are 
d-dimensional convex polytopes, and 

{the sets of vertices of 0{P)} = {p(/) | I G J’(P)}, 

(the sets of vertices of C(P)} = {p{A) \ A G A{P)} 

follows f |15l Corollary 1.3, Theorem 2.2]). Moreover, 0{P) and C{P) have the same 
Ehrhart polynomial m Theorem 4.1]). In particular, the volume of 0{P) and 
C(P) are equal to e{P)/d\, where e(P) is the number of linear extensions of P ( [T5l 
Corollary 4.2]). 

In present papers, as analogies of the order polytope and the chain polytope, 
the integral convex polytopes associated with two partially ordered sets are studied. 
These polytopes are given by combining the order polytopes and the chain polytopes. 

Let P = {pi,... ,pd} and Q = {qi ,..., qd} be hnite partially ordered sets with 
\P\ = IQI = d. We dehne integer matrices \1/(C>(P), —^(Q)), \1/(0(P), —C((5)) and 
4/(C(P), —C{Q)) as follows: 

*(0(F ),-om = { p{l) I 0 ^ / e J(P) ] u {-p(J) I 0 ^ J e J(Q )} u { 0 }. 

*(0(F), -cm = { p(l) I 0 7^ / e J(P)} u { -p(J) I 0 7^ J e MQ )} u {0}, 

*(C(F), -C(Q)) = { p(I) I 0 7 ^ / e A(P) }tJ{-p(J)\t^J€ A[Q)} u { 0 } 

and we write F(0(P), —0{Q)) C for the convex polytope which is the convex 

hull of ^(0(P), -C(Q)). Similarly, we dehne F(C>(P), -C{Q)) and F(C(P), -C(Q)) 

as the convex hull of T((T(P), —C(Q)) and \1/(C(P), —C((5)), respectively. These 
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polytopes are analogies of the order polytope and the chain polytope, and are gener¬ 
alizations of the convex polytope arising from the centrally symmetric conhguration 
(see [T3]h 

We note that these are d-dimensional polytopes. Moreover, since p{P) = ei-|-- ■ 

Gd G 0{P) and p{{qj}) = ej G C{Q) for 1 < j < d, we have that the origin 0 of is 
belonging to the interior of r(C>(P), —C{Q)) and that of r(C(P), —C{Q)). However, 
it is not necessarily that r(C>(P), —0{Q)) has the same property. It is known that 
the origin 0 of is belonging to the interior of r{0{P),—0{Q)) if and only if 
P and Q possess a common linear extension ([9l Lemma 1.1]). In addition, it is 
also known that r(C>(P), —0{P)), T(0{P), —C{Q)) and r(C(P), —C{Q)) are always 
Gorenstein Fano ([101 Corollary 2.3], [HI Corollary 1.2], [HI Theorem 2.8]) and 
r{0{P), —0{Q)) is Gorenstein Fano if and only if P and Q possess a common linear 
extension (0 Corollary 2.2]). Hence to determine when these polytopes are smooth 
Fano is an important problem. Similarly, the question whether these polytopes are 
unimodularly equivalent when these polytopes are smooth is also interesting. The 
problem when 0{P) and C{P) are unimodularly equivalent was solved in [8]. 

This paper is organized as follows. In Section 1, we study the Ehrhart polynomials 
of these polytopes fTheorem II.ip . This is an analogy of Stanley’s results mentioned 
before. In Section 2, we study the characterization problem of partially ordered sets 
yield smooth Fano polytopes fTheorems 12.11 12.21 and 12.3p . Finally, in Section 3, 
we study the unimodular equivalence of smooth Fano polytopes. In fact, we show 
F(C>(P), —0{Q)) and F(C(P), —C(Q)) are unimodularly equivalent, however, these 
polytopes are not unimodularly equivalent to r(0(P), —C(Q)), when all polytopes 
are smooth (Theorem 13.Ih . 

For fundamental materials on Grobner bases and toric ideals, see [6]. 

1. Squarefree Quadratic Grobner basis and Ehrhart polynomial 

In this section, we show the following: 

Theorem 1.1. Work with the same notation as in Introduction. Then we have 

t{T{0{P), -C(Q)), n) = z(F(C(P), -C(Q)), n). 

In particular, the volume ofT{0{P), —C(Q)) is the same as that o/F(C(P), —C(Q)). 
Moreover, if P and Q possess a common linear extension, then we have 

i{T{0{P), -0(Q)), n) = t{T{0{P), -C{Q)),n) = i{T{C{P), -C{Q)),n). 

In this case, these polytopes have the same volume. 

In order to prove this theorem, we use the following facts. We say that an integral 
convex polytope P C M'’* is normal if, for each integer iV > 0 and for each a G 

NV n l/", there exist ai,..., rtv G P fl Z'’* such that a = ai aTv. 
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• Let "P C be an integral convex polytope of dim V = d and 

K\P] := | (ai,..., a^) G P ] C K[xi, ...,Xd,t] 

be the toric ring of P over a field K. Assume that there exists a monomial 
order < on K[xi,... ^Xdit] such that the initial ideal in<(/-p) of the toric 
ideal of A"[P] with respect to the order < is squarefree. Then P is a normal 
polytope, (see W) 

• Let P C be an integral convex polytope. If P is normal, then the Ehrhart 
polynomial of P is equal to the Hilbert polynomial of the toric ring K\P]. 

• Let S' be a polynomial ring and / C S' be a graded ideal of S'. Let < be 
a monomial order on S'. Then S/I and S'/in<(/) have the same Hilbert 
function, (see [U Corollary 6.1.5]) 

At hrst, we dehne the toric rings K\r{0{P), —0{Q))] (resp. K\r{0{P), —C{Q))\ 
and iC[r(C(P), —C{Q))]) of the polytope r(C>(P), —0{Q)) (resp. r(C>(P), —C(Q)) 
and r(0(P), —0(Q))), and prove the normality of these polytopes by using the 
theory of toric ideals. 

Let, as before, P = {pi,... ,pd} and Q = {qi ,..., qd} be hnite partially ordered 
sets with |P| = IQI = d. For a poset ideal of P or Q, we write max(J) for the set 
of maximal elements of I. In particular, max(/) is an antichain. Note that for each 
antichain A, there exists a poset ideal I such that A = max(/). 

Let K[t, t~^, s] = K[ti,... ,td, • • •) ^ '®] denote the Laurent polynomial ring 

in 2(i + 1 variables over a held K. If a = (ai,..., ad) G then t“s is the Laurent 
monomial G A"[t, t“^, sj. In particular = s. Then we dehne the toric 

rings K[T{0{P), -0{Q))], K[T{0{P), -C{Q))] and A:[r(C(P), -C(Q))] as follows: 

K[T{0{P), -Om] = K[t^s I a G r((9(P), -0(g))], 

A[r((T(P), -cm] = K[t^s I« G r(o(p), -C(g))], 

A[r(c(P), -C(g))] = K[t^s I« G r(c(P), -c(g))]. 

Let 

K[00] = A'[{a:/}0^/gy(p) U U {z}], 

K[OC] = A'[{a:/}0^/gy(p) U {|/max(J)}0^JGj^(Q) U {z}], 

K[CC] = A'[{Xmax(7)}07^7Gy(P) U {|/max(J)}0^JGy(Q) U {z}] 

denote the polynomial rings over K, and dehne the surjective ring homomorphisms 
TToo, T^oc and ttcc by the following: 


4 


• TToo ■ K[00] -)■ K\r{0{P), -0{Q))] by setting 

T^ooixi) = Tiooiyj) = and Tiooiz) = s, 

• TToc ■ K[OC] K[T{0{P), -C{Q))] by setting 

T^ocixi) = 7rc)c(|/max(J)) = fand TToci^) = s, 

• TTcc : K[CC] K[T{C{P), -C{Q))] by setting 

7rcc(a;max(/)) = TTcc(|/max(J)) = f and TTcciz) = S 

where 0 7 ^ / G J7’(P) and 0 7 ^ J G J{Q). Then the toric ideal It(o{p)-o{Q)) of 
r(0(P), —0{Q)) is the kernel of ttoo- Similarly, the toric ideal It(o(p),-c{Q)) (resp. 
h{c{P)-c(Q))) is the kernel of tioc (resp. ticc)- 

Next, we introdnce monomial orders < 00 , <oc and <cc and Qoo-, Goc and Qcc 
which are the set of binomials. 

Let <00 denote a reverse lexicographic order on K[00] satisfying 

• ^ <00 yj <00 xi] 

• xj! <00 x/ if /' C /; 

• yj' <00 yj if J' c J, 

and Qoo the set of the following binomials: 

(i) XiXj! — x/u/'a^/n/d 

(ii) yjyj' — 2 /JuJ'l/Jnj; 

(hi) xjtjj — XJ\{p^^yJ\[q^^^ 

and let <oc denote a reverse lexicographic order on K[OC] satisfying 

• ^ <OC 2/max(J) <OC Xj] 

• xji <oc x/ if /' C /; 

• l/max(J') '^OC l/max(J) if P Ji 

and Qoc fhe set of the following binomials; 

(iv) xixp - XnjvXinV, 

(^) l/max(J)2/max(J') 2/max(JUJ')l/max(J*J'); 

(vi) XiyYaax{J) a'/\{pi}l/max(J)\{(ji}) 

and let <cc denote a reverse lexicographic order on K[CC] satisfying 

• ^ ^CC Z/max(J) ^CC ^max(7) 7 

• ^max (/') <CC Xuiax{I) if /' C /; 

• l/max(J') ^CC l/max(J) if P Ji 

and Qcc the set of the following binomials: 

(vii) Xmax(/)a'max(/') |/max(/U/')2/max(/*r') > 

(viii) |/max(J)|/max(J') 2/max(JUJ')2/max(J*J'); 

(ix) Xmax(r) 2 /max(J) a'max(/)\{pi}|/max(; 
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where 


• X(ii = y% = z] 

• I and I' are poset ideals of P which are incomparable in J7(-P); 

• J and J' are poset ideals of Q which are incomparable in J{Q)] 

• J * is the poset ideal of P generated by max(/ fl P) fl (max(/) U max(/')); 

• J* J' is the poset ideal of Q generated by max( J fl J') fl (max( J) Umax( J')); 

• Pi is a maximal element of I and g, is a maximal element of J. 

It is known that Qoo is a Grobner basis of /r(o(P),-o(Q)) with respect to <oo([9l 
Theorem 2.1]) and Qoc is a Grobner basis of /r(ci(P),-c(Q)) with respect to <oc([IIl 
Theorem 1.1]). As corollaries, we have the normality of r{0{P),—0{Q)) and 
T{0{P), —C{Q)) (P Gorollary 2.2], [HI Gorollary 1.2]). However, the polytope 
r(C(P), —C{Q)) was studied in [T3] in more general situation, the normality of this 
polytope is still open. To prove that T{C{P), —C{Q)) is normal, we compute a 
Grobner basis of /r(c(P)- c(q)) with respect to <cc- 


Proposition 1.2. Work with the same situation as above. Then Qcc is a Grobner 
basis of It( c{P)-c{Q)) with respect to <cc- 


Proof. First, it is clear that Qcc C Ir{c{P)-c{Q))- For a binomial f = u — v, we call u 
the first monomial of / and we call v the second monomial of /. By the dehnition of 
<cc, the initial monomial of each of the binomials (vii) - (ix) with respect to <cc is 
its hrst monomial. Let m^^^(Qcc) denote the set of initial monomials of binomials 
belonging to Qcc- From [121 (0-1)], it follows that, in order to show that Qcc is a 
Grobner basis of /r(c(P)- c(q)) with respect to <cc, we need to prove the following: 

(J|k) If u and V are monomials belonging to K[CC] with u ^ v such that u ^ 
(in<cc(^cc)) and v ^ (in<^^(^cc)), then 7rcc(u) 7rcc(v). 

Let G K[CC\ be monomials with ufi^v. Write 



max(7a)^max( Ji) 

Uh 

^max( J(,) ’ 


^max(P,)^max(j;) ' 

^max(J',) 


where 

• a > 0 , a' > 0 ; 

. A,...,4,J1,...,/:, GJL(P)\{0}; 

. G^(g)\{0}; 

• fl: ■ ■ ■ ■ ■ ■ Wb.ifi ■ ■ ■ ■ ■ ■ W'u > 0 , 

and where u and v are relatively prime with u ^ (in<^^(^cc)) and v ^ (in<^^(^cc))- 
Note that either a = 0 or a' = 0 since u and v are relatively prime. Hence we may 
assume that a' = 0. Thus 


,, _ ~a Vl , , , Vb 

max(7i) max(7a)^hQax(Ji) ^max(Jii,)’ 


V = X 


.i'l 




^si ^1 

max(7J) ^max(/^,)^max( Jj) 


.Xb' 

ymax(J',)- 


Since the initial monomial of each of the binomials (vii) - (ix) with respect to <cc 
does not belong to (in<^^(^cc ))5 we have that 

• Ji C /2 C ... C 4 and Ji C J 2 C ... C J;,; 

• C J' C ■ ■ ■ C and C J' C ■ • ■ C J',. 

Furthermore, by virtue of [5] and [7], it suffices to discuss u and v with (a, a') 7 ^ (0, 0) 
and (6, b') 7 ^ ( 0 , 0 ). 

Since la 7 ^ assume that la \ I'a' ^ Then there exists a maximal 

element pi* of la with pi* ^ . 

Suppose that ncciu) = 7rcc('y)- Then we have 


E 0 - E 


= 




O'- 


Pi€max(/) 


gi€max( J) 


PiGmax(7)' 


giGmax( J') 


for all 1 < i < d by comparing the degree of fj. By assumption, pi 
means that Pi* ^ max(J',) for all 1 < c' < a'. Hence we have 


i C- This 


E E = - E 


i>'j, < 0 . 


Pi* Gmax(/) 


Qi* Gmax( J) 


Qi* Gmax( J') 


Moreover, since pi* is a maximal element of we also have 


E 


Pi* Gmax(/) 

Hence there exists an integer c with 1 < c < & such that qi* G max( Jc). Therefore 
we have Xmax(/,) 2 /max(j,) e (in<cc(^cc)), but this is a contradiction. □ 

By this proposition, it is clear that the initial ideal in<^^(Jr(c(p)- c(q))) of fhe toric 
ideal /r(c(P),-c(Q)) with respect to the order <cc is squarefree. Hence we have 

Corollary 1.3. r(C(P), —C{Q)) is a normal Gorenstein Fano polytope for any par¬ 
tially ordered sets P and Q with \P\ = |Q| = d. 

Here, we put 

Roo := K[00]/m^^^{Ir(o{P)-o{Q))), 

Roc := K[OC]/m <oc {Ir{o{P)-c{Q))), 

Rcc := /t'[CC]/in<^^(Jr(c(p)-c(Q)))- 
Next, we prove the following. 

Proposition 1.4. The ring Rqc is isomorphic to the ring Rqc for any partially 
ordered sets P and Q with \P\ = IQI = d. Moreover, if P and Q possess a common 
linear extension, then these rings Roo, Roc ond Rcc are isomorphic. 
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Proof. From [9l Theorem 2.1], [HI Theorem 1.1] and Proposition 1.2, we have 

^ ^ K[{xi}ii,^i(zj(^P) U {yjjm^jeJiQ) U {z}] 

{xixr,yjyj>,xiyj \ I,P,J and J' satisfy (* *))’ 

D ~ U {y max (J)]%^J&J{Q) U { 2 ;}] 

(x7X//,2/max(j)2/max(j'),a:/2/max(j) | and J' Satisfy (*))’ 

D ~ K[{Xrai,y.{I)}(D^I&J{P)'^ {y max (j)} 07 ^JGy(Q) U { 2 ;}] 

(2^max(7)3^max(/')) 2/max( J)|/max( J')) 2^max(/)2/max(J) | 1 1 I i J and J Satisfy (*)) 

where the condition (*) is the following: 

• I and I' are poset ideals of P which are incomparable in ff(P); 

• J and J' are poset ideals of Q which are incomparable in J{Q)] 

• There exists 1 < i < d such that Pi is a maximal element of I and is a 
maximal element of J . 

Hence it is easy to see that the ring homomorphism p : Rqc — )■ Rcc by setting 
p{xi) = Xmax(/), </^(2/max(j)) = |/max(j) and p{z) = 2 : is an isomorphism. Similarly, if P 
and Q possess a common linear extension, we can see that the ring homomorphism 
p : Roo -t Roc by setting p\xi) = xi, p {yj) = yma^{j) and p {z) = z is an 
isomorphism. Hence we have Roo — Roc — Rcc- D 

Now, we can prove Theorem 1.1. 

Proof of Theorem 1.1. From m Corollarly 1.2] and Proposition 1.2, we have that 
both r{0{P), —C{Q)) and r{C{P), —C{Q)) are normal. Hence the Ehrhart poly¬ 
nomial of r{0{P), —C{Q)) (resp. P(C(P), —C((5))) is equal to the Hilbert poly¬ 
nomial of K[T{0{P),—C{Q))] (resp. K[T{C{P),—C{Q))]). By Proposition 1.4, 
Roc and Rcc have the same Hilbert polynomial. Hence K\r{0{P),—C{Q))] and 
K\r{C{P), —C{Q))] also have the same Hilbert polynomial. Therefore we have the 
desired conclusion. 

If P and Q possess a common linear extension, P((P(P), —0{Q)) is also normal 
from [9l Corollarly 2.2]. Therefore, by the same argument, we have the desired 
conclusion. □ 

We immidiately obtain the following corollary. 

Corollary 1.5. For any partially ordered sets P and Q with |P| = IQI = d, we have 

t{T{0{P), -C{Q)),n) = t{T{C{Q), -C{P)),n). 

In particular, these polytopes have the same volume. 

As the end of this section, we give an example that P and Q do not have any 
common linear extension. 





Example 1.6. Let P = {pi < P 2 } and Q = {q 2 < qi} be chains. It is clear that P 
and Q have no common linear extension. Then 

j(r(0(F), -0{Q)),n) = + I" + 1. 

i(r(0(P), -C(Q)),n) = i(r(C(F), -C(Q)), n) = 2d‘ + 2n + 1. 

2 . WHEN ARE THREE POLYTOPES SMOOTH? 

In this section, we consider the characterization problem of partially ordered sets 
yield smooth Fano polytopes. 

First, we recall some definitions. Let P C be a Fano polytope. 

• We call P centrally symmetric if P = —P. 

• We call P pseudo-symmetric if there exists a facet P of P such that —P 
is also its facet. Note that every centrally symmetric polytope is pseudo- 
symmetric. 

• A del Pezzo polytope of dimension 2k is a convex polytope 

V2k = conv(±ei,... ± e2k, ±(ei H-h 62^)). 

Note that del Pezzo polytopes are centrally symmetric smooth Fano poly¬ 
topes. 

• A pseudo del Pezzo polytope of dimension 2k is a convex polytope 

V2k = conv(±ei,... ± esfc, ei H-h esfc). 

Note that pseudo del Pezzo polytopes are pseudo-symmetric smooth Fano 
polytopes. 

• Let us that P splits into Pi and P2 if the convex hull of two Fano polytopes 

Pi C and P2 C -with d = di ^2, he., by renumbering 

P = conv({(ai, 0 ), ( 0 , 02) G : ai e Pi, 02 e P2}). 

Then we write p = Pi © P2. 

There is well-known fact on the characterization of centrally symmetric or pseudo- 
symmetric smooth Fano polytopes. 

• Any centrally symmetric smooth Fano polytope splits into copies of the 
closed interval [— 1 , 1 ] or a del Pezzo polytope [TB] . 

• Any pseudo-symmetric smooth Fano polytope splits into copies of the closed 
interval [— 1 , 1 ] or a del Pezzo polytope or pseudo del Pezzo polytope [ 2 l flB]. 

Let P and Q be partially ordered sets with |P| = |Q| = d. In this section, we 
consider when each of T(0{P),—0{Q)), T(0{P), —C{Q)) and T{C{P), —C{Q)) is 
smooth. 

First, we consider when r{C{P), —C{Q)) is smooth. For 1 < i < d, we set 
A{P) = {IeA{P)-. |A|=^}. 
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Theorem 2.1. For d>2, let P and Q be partially ordered sets with |P| = |Q| = d. 
Then the following conditions are equivalent: 

(i) r(C(P), —C(Q)) is Q-factorial; 

(a) r{C{P), —C{Q)) is smooth; 

(Hi) r(C(P), —C(Q)) splits into copies of the closed interval [—1,1] or a del Pezzo 
2-polytope or pseudo del Pezzo 2-polytope; 

(iv) For any Ii, I 2 G ^ 2 (P) with Ii 7 ^ I 2 , Ji fl /2 = 0 and for any Ji, J 2 G ^ 2 (Q) 
with Ji 7 ^ J 2 , Ji n J 2 = 0, and for any I G ^ 2 (P) and for any J G A 2 {Q), 
|/n J| ^ 1 . 

Proof, ((i) ^ (iv)) Let Pii -< Pi 2 -< ■ ■ ■ ~< Pis be a maximal chain of P. Then Xi^ + 
3^12 H= 1 is a facet of C{P), in particular, this is a facet of r(C(P), —C{Q)). 
Since r{C{P), —C{Q)) is simplicial, this facet is a (d — l)-simplex. Hence there 
exist just d — s antichains Ii,..., Id-s G A{P) \ Ai{P) such that for each 

\{Pi^,Pi 2 , ■ ■ ■ ,Pis} n 41 = 1. Since for each j G [d] \ {pi^.Pi^, ■ ■ there ex¬ 
ists i G ■ ■ ■ iVia} such that {*, j} is an antichain of P, for each j G [d\ \ 

{pij^,Pi 2 , ■ ■ ■ ,Pis}, there exists just one i G {Pii,Pi 2 , ■ ■ ■ ,Pis} such that {i,j} is an 
antichain of P. Then for k > 3, Ak{P) = 0. 

First, we assume that there exist 4, 4 G A 2 {P) with 4 7 ^ 4 such that 4 n4 4 0- 
Let 4 = {Pii,Pi 2 } und 4 = fen Pis}- Then we know that {pijjPis} is not an 
antichain of P. Indeed, if {pia^PisI is an antichain of P, then {pii, Pij, Pis} is also an 
antichain of P. Hence there exists a maximal chain Pj 2 Pjt of P such 

that {pi 2 ,Pis} P {Ph)Pj 2 • • • )Pjt}- Then since {pii,Pi 2 } and {piijPis) are antichains 
of P, a facet Xj^ + Xj 2 + • • • + Xj^ = 1 of r(C(P), —C(Q)) is not a (d — l)-simplex. 

Next, we assume that for any 4,4 G A 2 {P) with 4 7 ^ 4, 4 Fl 4 = 0, and 

for any 4, J 2 G A 2 (Q) with 4 4 4, 4 F 4 = 0, and there exist / G A 2 {P) 
and J G A 2 {Q) such that |/ F J| = 1. We let / = {pii,Pi 2 } and J = {g*!, %}- 
Then Xi^ — Xjg = 1 is a face of r(C(P), —C(Q)) and this face is not simplex. In¬ 
deed, we set "H = {(xi,... ,Xd) G Xi^ — Xi^ = 1} and 'HA = {(xi,... ,Xrf) G 
W^: Xi^ — Xi^ < 1}. Then every vertex of T{C{P), —C{Q)) belongs to 4+, and 
p({Pii,Pi 2 }),P({Pi 2 }),-p({?ii,%}),-p({%}) belong to 'H. Since (p({pii,Pi 2 }) - 
(-P({%}))) = (p({Pi 2 }) - (-P({%}))) - (-P({9ii,%}) - (-P({%}))), this face is 
not a simplex. 

((iv) (iii)) We assume that 

A2{P) = {{Pl,P2}, • • • , {P2fc-l,P2fc}, {P2fc+l,P2fc+2}, • • • , {P2fc+2i-l , P2fc+2i }}, 

A2{Q) = {{o'!, <?2}, • • • , {?2fc-l, <?2fc}, {(l2k+2l+l, <?2fc-|-2i-|-2}, • • • , {(l2k+2l+2m-l, (l2k+2l+2m}}, 

where fc, I and m are nonnegative integers with 2k + 21 + 2m < d. Then we 
have r(C(P), -C{Q)) = conv(±ei,..., ie^, ±(ei + 62 ),..., ±( 62^-1 + 62 *,), 62^+1 + 

e2fc+2, • • • , e2fc+2i-l + &2k+2li —{^2k+2l-l + e2fc+2i+2), • • • , “(e2fc-|-2i-|-2m-l + e2fc-|-2i-|-2m))• 
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Hence r(C(P), —C(Q)) splits into copies of the closed interval [—1,1] or a del Pezzo 
2-polytope or psendo del Pezzo 2-polytope. 

((iii) (ii) ^(i)) Since P(C(P), —C(Q)) splits into copies of the closed interval 
[—1,1] or a del Pezzo 2-polytope or psendo del Pezzo 2-polytope, r(C(F), —C(Q)) 
is smooth. Moreover, in general, any smooth Fano polytope is simplicial. □ 

Next, we consider when P(0(P), —C(Q)) is smooth. 

Theorem 2.2. For d > 2, let F and Q he partially ordered sets with |P| = \Q\ = d. 
Then the following conditions are equivalent: 

(i) P(C>(P), —C(Q)) is Q-factorial; 

(ii) T{0{F), —C{Q)) is smooth; 

(m) I{F) = {{pii},{Pn,p* 2 },...,{pii,...,PiJ} or 

I(P) = and 

MQ) = {fe}, ■ ■ •, UiA} or 

{{Qii }) {^*2 }■)■■■) {^id} ’ 5 } }) 

Froof. ((i) ^ (iii)) We may assnme that pi^ is a minimal element of P and I'{F) = 
{{Pii},{PiiyPi 2 }y ■ ■ APiiy ■ ■ yPid}} ^ Then Xi^ = 1 is a facet of 0(P), in 

particnlar, this is a facet of T{0{F), —C{Q)). Since T{0{F), —C{Q)) is simplicial, 
this facet is a (d — l)-simplex. Hence there is no poset ideal I G /(P) snch that 
Pij G / and / ^ I'{F). If there exists / G /(P) snch that Pi^ ^ /, there exists 
a minimal element Pi^ G / of P. Then since is a poset ideal of P, we 

have i = 2. Hence we know that /(P) = {{pn}, {Pp^Pp}) • • •) {PP) • • • )Pp}} or 
J(P) = {{piJ, {pij, {pii,Pi 2 },..., {pii,... ,pij}. Also, by the proof of Theorem 
12.11 we may assnme that for any Ji, J 2 G A 2 (Q) with Ji 7 ^ J 2 , Ji fl J 2 = 0. 

We assnme that /(P) = {{pij, {Pn,Pi 2 }, • • •, {pp, • • • ,Pp}}- If {%, is an an¬ 
tichain of Q with 2 < j < k, then xp — xp = 1 is a face of r(C>(P), —C(Q)) and 
this face is not a simplex. Indeed, we set "Hi = {(xi,... ,Xd) G Mf: xp — xp = 1} 
and Hf = {(xi,..., Xd) G Xp — Xp < 1}. Then every vertex of r{0{F), —C{Q)) 
belongs to nf. Also, p({pp}), p({pp,pp}),..., p({pp,... ,pp_ J),-p({gp}) and 
-P({%,9p}) belong to Pi. Since (-p({gp})-p({pp})) = (-p({%, gp})-p({Pp})) 
+ (p({pp,... ,Pp})-p({pp}))-(p({pp,... ,pp_j)-p({pp})), this face is not a sim¬ 
plex. If {gp, gp} is an antichain of Q with 3 < j, then —xp -|- 2xp = 1 is a face of 
r(C>(P), —C(Q)) and this face is not a simplex. Indeed, we set P 2 = {( 2 ^ 1 , • • •, ^d) £ 
— Xp -|- 2xp = 1} and Ff = {(xi,... ,Xd) E — Xp -|- 2xp < 1}. Then each 
vertex of r(C>(P), -C(Q)) belongs to Ff. Also, p({pp,Pp}),.. • ,p({pp, • • • ,Pp}), 

—p({gp}) and —p({gp,gp}) belong to F 2 - Hence since —Xp -|- 2xp = 1 has d -|- 1 
vertices, this face is not a simplex. 

We assnme that 1(F) = {{pp}, {pp}, {pp,Pp},..., {pp,... ,Pp}}. If 
is an antichain of Q with 2 < j < k, then similarly, xp — xp = 1 is a face of 

r(0{F), —C{Q)) and this face is not a simplex. If {gp, gp} is an antichain of Q with 
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3 < i, then Xi^ — Xi. = 1 is a face of T{0{P), —C(Q)) and this face is not a simplex. 
Indeed, we set "Hs = {(xi,..., x^) E Xt^ — Xi. = 1} and "Hg = {(xi,..., x^) G 
Xi 2 — Xi. < 1}. Then every vertex of T{0{P), —C{Q)) belongs to and 
piiPh})^ piiPii^Ph})^ ■ ■ ■ ^ p{{Pii^ ■ ■ ■ -piUh^Qij}) belong to "Hs- 

Since {pUPi^}) - p{{Ph,Pi2,Pi3})) = {p{{Pii,Pi 2 }) - Pi{Pii,Pi2,Pi3})) - i-pi{%}) - 
pi{Ph,Pi 2 ^Pi 3 })) + i-piUh^Qij}) - Pi{Ph^Pi 2 ^Pi 3 }))^ this face is not a simplex. 

((hi) ^ (ii)) If V C is a smooth Fano polytope of dimension d, V = 

conv(P, ei + ea +-h e^+i, -e^+i) C is also smooth. Also, if d = 2, then 

r{0{P), —C{Q)) is smooth. Hence for d > 2, we know that r{0{P), —C{Q)) is 
smooth. 

((ii) =^(i)) In general, any smooth Fano polytope is simplicial. □ 

Finally, we consider when r{0{P), —0{Q)) is smooth. 

Theorem 2.3. For d > 2, let P and Q he partially ordered sets with |P| = |Q| = 
d. Assume that P and Q have a common linear extention. Then the following 
conditions are equivalent: 

(i) V{(D{P),—0{Q)) is Q-factorial; 

(ii) r{0{P),—0{Q)) is smooth; 

(m) I{P) = {{Pi,}, {Pi^Pi^}, ■ ■ ■, {Pii^ ■ ■ ■ ^PiJ} or 

I{P) = {{pi,},{pi^},{pi„pi,},...,{pi„...,pij}, and 

HQ) = or 

HQ) }5 { 5*2 }> Hh'! })•••) {^*1 -I ■■■ 1 Q.id }} • 

Proof, ((i) ^ (hi)) By the proof of Theorem l2.21 We have /(P) = {fei}, {^ 11 )^ 12 }; 

or J(P) = {tei},te 2 },tei,PiJ,...,{pn,...,PiJ}. Also, we 
have /(Q) = J, •••, or /(Q) = {{diJ, 

..., {gj^,..., gj^}}. Since P and Q have a common linear extention, we may assnme 
that for any 1 < k < d, i^ = j^. 

((hi) ^ (ii)) If V C is a smooth Fano polytope of dimension d, V' = 
conv(P, ±(ei + e 2 + ■ ■ ■ + e^+i)) C is also smooth. Also, if d = 2, then 

r{0{P),—0{Q)) is smooth. Hence for d > 2, we know that r{0{P),—0{Q)) is 
smooth. 

((ii) ^(i)) In general, any smooth Fano polytope is simplicial. □ 

3. UNIMODULARLY EQUIVALENCE AND VOLUME 

Let denote the set of d x d integral matrices. Recall that a matrix A G 
is unimodular if det(A) = ±1. Given integral convex polytopes P and Q in 
of dimension d, we say that P and Q are unimodularly equivalent if there exists a 
nnimodnlar matrix U G and an integral vector w, snch that Q = fui'P) + w, 

where fu is the linear transformation in dehned by U, i.e., fu(y) = vP for all 
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V G Clearly, if V and Q are unimodularly equivalent, then i{V,n) = i{Q,n). 
Moreover, if V is Fano, then ta = 0 . 

Let P and Q be partially ordered sets with \P\ = \Q\ = d. We consider whether 
T{0{P),—0{Q)), T{0{P), —C{Q)) and T{C{P), —C{Q)) are unimodularly equiva¬ 
lent when these polytopes are smooth. When d = 2 these polytopes are clearly 
unimodularly equivalent. 

For d > 3 let Pi, P2 be partially ordered sets as follows. 


Pi. 


P2: 


Pdf 


Qdf 


P2*> 


Pi* 


Qi 


Each of T{0{P),—0{Q)), T{0{P), —C{Q)) and T{C{P), —C{Q)) is smooth if and 
only if P,Qg {Pi, P2}. 

Theorem 3.1. For d > 3, let P and Q be partially ordered sets with |P| = IQI = d. 
Assume that each of V{0{P)^—0{Q)), T{0{P)^—C{Q)) and F(C(P), —C(Q)) is 
smooth. Then T{0{P),—0{Q)) and F(C(P), —C(Q)) are unimodularly equivalent. 
However, T{0{P), —C{Q) is not unimodularly equivalent to these polytopes. More¬ 
over, if P ^ Q, then T{0{Q), —C{P) is also smooth and is not unimodularly equiv¬ 
alent to F(C>(P), —C{Q)). 

Proof Recall each of F(C>(P), -C>(g)), F(C>(P),-C(Q)) and F(C(P), -C(g)) is 
smooth if and only if P, g G {Pi,P2}. Hence we should consider the following 
4 cases. 

(The case P = Q = Pi) F(C>(P), —0{Q)) and F(C(P), — C(g)) are unimodularly 
equivalent, in particular, these polytopes are centrally symmetric. However, since 
F(0(P), — C(g)) is not centrally symmetric, F(C>(P), — C(g)) is not unimodularly 
equivalent to these polytopes. 

(The case P = Q = P2) Similarly, F(0(P), —0{Q)) and F(C(P), —C(Q)) are uni¬ 
modularly equivalent, and F(C>(P), —C(Q) is not unimodularly equivalent to these 
polytopes. 

(The case P = Pi and Q = P2) F(C>(P), —0{Q)) and F(C(P), —C(Q)) are uni¬ 
modularly equivalent, in particular, these polytopes are pseudo-symmetric. How¬ 
ever, F(C>(P), —C(Q)) is not unimodularly equivalent to these polytopes, since |{n G 
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V{T{0{P),-C{Q)): - veV{T{0{P),-C{Q))}\^\{veV{T{0{P),-0{Q))-. - 
V G V{T{0{P), —0{Q))}\, where we write V{V) for the vertex set of a polytope V. 

(The case P = P 2 and Q = Pi) Similarly, r(0(P), —C{Q)) is not unimodularly 
equivalent to r(C>(P), —0{Q)) and r(C(P), —C{Q)). Moreover, r(0(P), —C{Q) and 
T{0{Q), —C{P) are not unimodularly equivalent. Indeed, we assume that these 
polytopes are unimodularly equivalent. Then there exists a unimodular matrix U G 
'^dxd r(C>(P), —C{Q)) = fu{T(0{Q), —C{P)). Also for v G {±ei, ±(ei + 

02 )}, there exists v' G {±ei, ± 02 } such that f{v) = v'. 


If fu{ei) = 01 and fu{e 

1 + ^2, 

= 02 , we have 



/ 1 

0 

0 ■■■ 

0 


-1 

1 

0 ■■■ 

0 

U = 

U 3 I 

U 32 

U 33 ■ ■ ■ 

Usd 


\ Udl 

Ud2 

Ud3 • • • 

Udd 

Then /(- 02 ) = 01 - 02 ^ V{r{OiP), 
If /[/( 01 ) = 01 and fuiei + 02 ) = - 

-cm)- 

02 , we have 


( 1 

0 

0 ■■■ 

0 


-1 

-1 

0 ■■■ 

0 

U = 

U 31 

U 32 

U 33 ■ ■ ■ 

Usd 


\ Udl 

Ud2 

Ud3 • • • 

Udd 


G Z' 


dxd 


G Z' 


dxd 


Then /(ei + 02 + 03) = (M31, U32 - 1, M33, • • •, usd) and /(-es) = (-M31,..., -M 3 d)- 
Since r{0{P), —C{Q) is a (—1, 0, l)-polytope, U32 = 0 or 1. Then /(ei + e2 + 63) = 
—02 or /(—63) = —02, contradiction. 

If /[/(01) = -01 and /[/(01 + 02) = 62, we have 



( 

0 

0 

■■■ 0 \ 


1 

1 

0 

... 0 

U = 

U 31 

U 32 

U 33 

• ■ ■ U3d 


\ Udl 

Ud2 

Ud3 

■ ■ ■ Udd J 


G Z' 


dxd 


Then /(01 + 02 + 03) = (^31, U32 + 1, M33, • • •, U 3 d) and /(-03) = (-M31, • • •, -usd)- 
Since r((T(P), —C{Q)) is a (—1, 0, l)-polytope, U32 = 0 or —1. Then /(0i+02+e3) = 
02 or /(—03) = 02, contradiction. 
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If /[/(ei) = -ei and fui^i + 62) = -62, we have 



( 

0 

0 

... 0 


1 

-1 

0 

... 0 

p = 

U31 

U 32 

W 33 

• ■ ■ U^d 


\ Udl 

Ud2 

Ud3 

■ ■ ■ Udd 


Then f{-e,) = -e, + ^ V{T{0{P), -C(Q))). 

Therefore, r(C>(P), —C(Q) and r(0(Q), —C(P) are not unimodularly equivalent. 

□ 

By Theorems 11.11 and 13.11 the following corollary immidiately follows. 

Corollary 3.2. For any d > 3, there exist smooth Fano polytopes V and Q such 
that the following conditions satisfied: 

• V and Q have same Ehrhart polynomial. 

• V and Q are not unimodularly equivalent. 

Let P be an integral convex polytope of dimension d. We write Vol(P) for the 
normalized volume of P; it is equal to d\ times the usual Euclidean volume. It is 
known that if Pi is a di-dimensional Gorenstein Fano polytope in and P 2 is a 
(i2-dimensional integral convex polytope in with 0 G Pi \ dPi, then 

Vol(Pi © P2) = Vol(Pi)Vol(p2) 

(see [1]). We let l,m,n be nonnegative integers and 

P = {®lL) © (©^ 14 ) © (©nl 4 ), 

where L is the closed interval [—1,1]. Since Vol(L) = 2, Vol(l2) = 5 and Vol(l2) = 6, 
we have Vol(P) = 2^ 5™ . 6”. 

Finally, we consider the volume of each of r{0{P), —0{Q)), r{0{P), —C{Q)) and 
r(C(P), —C(Q)) when these polytopes are smooth. 

Example 3.3. (i) Let P = Q = Pi. Then T{C{P), —C{Q) is unimodularly equiv¬ 
alent to (BdL- Hence we know the normalized volume of each of r{0{P), —0{Q)), 
T{0{P), —C{Q)) and r(C(P), —C{Q)) is equal to 2^ by Theorem 11.11 

(ii)Let P = Q = P 2 . Then r(C(P), —C{Q) is unimodularly equivalent to {(Bd- 2 L)® 
V 2 . Hence the normalized volume of each of r(C>(P), —0{Q)), r{0{P), —C{Q)) and 
r(C(P), —C(Q)) is equal to 2'^“^ • 6. 

(hi) Let P = Pi and Q = P 2 . Then r{C{P), —C{Q) is unimodularly equiva¬ 
lent to (©d_2L) © ¥ 2 - Hence the normalized volume of each of r(0(P), —0(Q)), 
r(0(P), —C(Q)) and r(C(P), —C(Q)) is equal to 2‘^~^ ■ 5. In particular, the normal¬ 
ized volume of r(0(Q), —0(P)) is also 2‘^~^ ■ 5. 
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